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Metabolic instabilityOrganisation of mitochondrial metabolism is a quintessential example of a complex dissipative system which
can display dynamic instabilities. Several ﬁndings have indicated that the conditions inducing instabilities
are within the physiological range and that mild perturbations could elicit oscillations. Different mathe-
matical models have been put forth in order to explain the genesis of oscillations in energy metabolism. One
model considers mitochondria as an organised network of oscillators and indicates that communication
between mitochondria involves mitochondrial reactive oxygen species (ROS) production acting as
synchronisers of the energy status of the whole population of mitochondria. An alternative model proposes
that extramitochondrial pH variations could lead to mitochondrial oscillations. Oscillatory phenomena in
energy metabolism have also been investigated in vivo on the basis of 31P magnetic resonance spectroscopy
(MRS) measurements of phosphocreatine post-exercise recovery in human and animal skeletal muscle. The
corresponding results provide experimental evidences about the role exerted by cytosolic pH on oscillations.
Finally a new simple non-linear mathematical model describing the overall chemical reaction of
phosphocreatine recovery predicting oscillatory recovery pattern under certain experimental conditions is
presented and discussed in the light of the experimental results reported so far.Interna dell'Invecchiamento e
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The high degree of self-organisation of living cells represents one
of the most fascinating features of biological systems. Networks of
biochemical reactions take place under non-equilibrium conditions in
cells that are open systems continuously exchanging energy with
their environment and subject to permanent perturbations. Living
cells display a variety of time-dependent phenomena. Fluctuations in
metabolic variables generate time-dependent transient processes
which in turn can inﬂuence the stability of the steady states so that
permanent perturbations may lead to transitions to new steady states
[1]. Metabolic variables may ﬂuctuate due to both external and
internal stimuli and changes in the energy demand is one of the
paradigmatic conditions generating metabolic instability [2,3]. In
1975, Sel'kov proposed a simple kinetic model showing that energy
metabolism can alternate between two stable stationary states by
means of hysteretic transitions, showing that the autocatalytic nature
of energy metabolism may provide a key feature to generate self-
oscillations in energy production [2].Most of the cellular energy production is provided by mitochon-
dria through oxidative phosphorylation. Organisation of mitochon-
drial metabolism is a quintessential example of a complex dissipative
system [1], which can display dynamic instabilities when a critical
threshold level of a control parameter is reached [4]. The complex
control mechanisms required for a rapid and sensitive handling of
energy demand can generate metabolic instability. Several ﬁndings
indicated that the conditions inducing instability are close to the
physiological range, as mild perturbation of the system elicits oscil-
lation [5]. As a consequence, oscillations in mitochondrial energy
metabolism have been mostly investigated for extreme metabolic
conditions such as ischemia or substrate deprivation for different
models such as isolated cardiac mitochondria [6,7], cardiac myocytes
[8], neurons [9–11], and in yeast [12–15]. More generally, dynamic
control can manifest itself as oscillations which have been described
to increase thermodynamic efﬁciency [16,17] or to lead to unproduc-
tive or destructive outcomes [4].
Mitochondrial oscillations have been initially described in heart
cells [18] and followed by several other studies reporting oscillations
in ionic currents across mitochondrial membranes (reviewed in [19]).
Several hypotheses have been proposed to explain oscillations in
energy metabolism. It has been initially suggested that mitochondrial
oscillations could originate from glycolytic oscillations [8] which have
been early documented in beef heart extracts [20] and yeast cells [21].
This hypothesis neglected the evidence that metabolic oscillations
Fig. 1. PCr time-dependent changes recorded in two groups (n=8) of sedentary
subjects after a ﬁnger-ﬂexions exercise. Results are presented as means without error
bars for the sake of clarity. It is noteworthy that for a similar end-of-exercise PCr level,
the PCr recovery kinetics was signiﬁcantly faster in group 1 (●) as compared to group 2
(○). Interestingly the mean end-of-exercise pHwas 6.75 in group 1 and 6.59 in group 2.
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[6,7,10,22], and has been actually discarded on the basis of results
showing that mitochondrial metabolic oscillations can be reversibly
stopped and restarted [23] when mitochondrial inner membrane
anion channels (IMACs) were blocked by speciﬁc agents.
More recently, a new hypothesis about the involvement of reactive
oxygen species (ROS) in the genesis of mitochondrial energy state
oscillationswas presented by the same group [24]. It was initially based
on the observation that oscillations in substrate-deprived cardiac
myocytes revealed heterogeneous mitochondrial polarization and
propagated mitochondrial redox waves, suggesting that communica-
tion between mitochondria involve diffusible cytosolic messengers
acting as synchronisers of the energy status of the whole population of
mitochondria [4]. On that basis, the idea that mitochondria are an
organised network of oscillators is an intriguing possibility [25].
Theoreticians in this group formulated a mathematical model which
describes the oscillations of the mitochondrial energy state as the
consequence of the interplay between mitochondrial ROS production
and ROS scavenging by superoxide dismutase (SOD) leading to the
concept of “mitochondrial criticality” in order to describe the state of
instability of themitochondrial networkwhich, at thepoint of criticality,
bifurcates to a mode where oscillatory behaviour can occur [4].
They hypothesized that this mechanism, described in ischemic-
reperfused heart, underlies the genesis of potentially lethal arrhyth-
mias [26]. However, this hypothesis has been recently questioned on
the basis of a different mathematical model that provides an alter-
nativemechanism to account for oscillations without the involvement
of ROS [27]. This study will be examined in more details in Section 3
in order to illustrate the striking correspondence between the results
obtained in silico using a cardiomyocytes model and those obtained
in vivo in human skeletal muscle on the basis of 31P-MRS measure-
ments [28].
31P-MRS has been used since the 1980s to study human energy
metabolism in vivo, particularly in skeletal muscle [29]. In fact the
latter represents a very convenient tissue to be studied as it can
be examined in different metabolic conditions such as rest, exercise
and recovery. In these studies the rate of phosphocreatine (PCr) re-
synthesis has been taken as a reliable index of the functionality of
muscle mitochondrial respiration and is typically assessed in vivo
during recovery from exercise by 31P-MRS.
In Section 2, we will survey the approach of studying in vivo the
energy metabolism in human skeletal muscle by 31P-MRS, showing
that the phenomenon of oscillations in energy metabolism has been
also encountered in vivo and we will illustrate how it has been
accounted for.
Finally in Section 4, a new mathematical model, based on the
kinetic analysis of the PCr re-synthesis reaction, is presented. The
model predicts different patterns of PCr re-synthesis and is developed
by analysing and solving several types of differential equations de-
scribing the overall chemical reaction of PCr re-synthesis for different
metabolic conditions. It will be shown that even if the detailed kinetic
mechanism is not known at all, several experimental behaviour can be
explained using simple non-linear models. The different patterns
predicted by the model will be discussed in the light of the experi-
mental results reported in the literature.
2. Studying in vivo the energy metabolism of human
skeletal muscle
Phosphocreatine is mainly located in the mammalian brain and
skeletal muscle and represents a storage of readily available energy
able to buffer sudden energy requirements. Typically, PCr is used
during muscle contractions and is re-synthesised between contrac-
tions and during recovery (Fig. 1). PCr is re-synthesised from ATP and
the reaction is catalyzed by the mitochondrial creatine kinase enzyme
(MCK) present in the mitochondrial intermembrane space, where itproduces PCr from mitochondrially-generated ATP and imported
creatine (Cr) from the cytosol. Then, PCr generated by MCK in mito-
chondria is shuttled to cytosolic CK that is coupled to ATP-dependent
processes, e.g. ATPases, like acto-myosin ATPase for muscle contrac-
tion, and calcium reuptake for muscle relaxation [30]. Therefore, PCr
production is a non-equilibrium process due to functional coupling
between MCK and adenine nucleotide translocase (ANT), and PCr is
not only an energy buffer but also an energy mobilized form between
cellular sites of energy (ATP) production (oxidative phosphorylation
and glycolysis) and those of energy utilization.
The rate of PCr re-synthesis during recovery from exercise
assessed in vivo by 31P-MRS has long been used as a reliable index
of the functionality of muscle mitochondrial respiration in health and
disease [31–37]. Furthermore, much effort has been spent to achieve a
precise knowledge of the in vivo pattern of PCr post-exercise recovery,
as it may provide deeper insights into the mechanisms controlling
mitochondrial ATP synthesis [28,30,36,38–43]. Consequently, the
study of phosphocreatine recovery after exercise in human muscle
has been shown to be a good in vivomodel to study metabolic energy
pathway and oscillations [28,42,44,45].
2.1. Mitochondrial function in vivo can be assessed from post-exercise
PCr re-synthesis measurements
During muscle activity, the release of calcium from the sarcoplas-
mic reticulum (SR) triggers ATPase activities (at the SR and myo-
ﬁbrillar levels) and the energy balance is achieved by ATP production
from oxidative phosphorylation, anaerobic glycolysis and net PCr
breakdown. When mechanical work stops, it is generally accepted
that lactate production stops immediately whereas PCr levels and
oxygen consumption rates approached a new steady state along a
roughly exponential time-course (Fig. 1). At that time, ATP is exclu-
sively generated aerobically and creatine phosphorylation occurs.
Thus the rate of PCr re-synthesis in recovery is commonly used as an
index of the rate of oxidative ATP synthesis above its basal level
[46]. Evidences that come from four types of experiments: (a) the
absence of phosphocreatine re-synthesis in human calf muscle during
ischaemic recovery [47], (b) the relationships between aerobic
enzyme activities measured in vitro and rates of PCr re-synthesis
[48], (c) the reduced rate of creatine phosphorylation in relation to an
impaired aerobic function [49] and as a result of chemical thyroid-
ectomy [50], and (d) the enhanced rate in subjects involved in aerobic
training and in rats submitted to a training regimen, all support that
mitochondrial function in vivo can be assessed from PCr re-synthesis
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tween creatine phosphorylation and muscle mass [51] and exercise
intensity [39,52] further evidences that mitochondrial ATP production
can be reliably investigated from PCr kinetics.
2.2. Models of mitochondrial function and mitochondrial oscillations
On a theoretical ground, the rate of mitochondrial ATP synthesis
would be controlled through a feedback loop involving ADP [39,53,54]
as it has been illustrated in isolated mitochondria, animals and
humans [50,53,55–60]. Alternatively, it has been proposed that the
rate of mitochondrial ATP synthesis could be controlled in a linear
manner by the energy released through ATP hydrolysis, ΔGATP [39].
This type of function has been further conﬁrmed throughout an
analogy with electrical circuits in which creatine kinase reaction
would be a capacitance [39]. According to this linear ﬁrst-order model
of metabolic control and considering the analogy with the behaviour
of a simple electrical circuit, the rate of creatine phosphorylation
would play the role of the circuit resistancewhile the PCr level (i.e. the
charge on the capacitor) and the mitochondrial ATPase rate would
both be linearly related to the cytosolic free energy of ATP hydrolysis
i.e. the voltage of the circuit. This model may has been illustrated by
the initial results from Meyer et al. indicating that PCr changes follow
a single exponential time-course as long as oxidative metabolism is
the major energy-producing pathway [39]. These changes have been
explained either by a thermodynamic constraint on calcium transport
[61] or by pH constraint on [ADP] [62].
A variant of the thermodynamic linear model described above has
been more recently proposed [17]. It is based on the predictions and
observations that the relationship between mitochondrial ATP pro-
duction and ADP would not be hyperbolic but sigmoidal i.e. it would
follow a second rather than ﬁrst-order rate. The sigmoidicity of the
plot would mean that mitochondrial sensitivity to ADP (Km) would be
higher than predicted and that the control of aerobic ATP production
would not follow a Michaëlis–Mentenmechanism but another kinetic
mechanism e.g. show allosteric kinetics [58].
Whereas the linear and hyperbolic models both predict that the
mitochondrial energy production should be mono-exponential: other
reports have suggested that it would not be the case if another
variable is changing i.e. intramuscular pH. In that case, mitochondrial
energy production would show with an initial rapid phase followed
by a slower phase [42]. The corresponding double-exponential model
for PCr re-synthesis is that proposed by Nevill et al. [42] which is a
modiﬁed version of the ﬁrst-order linear system initially described by
Meyer et al. [39]. This model allows to distinguish two phases in the
recovery period i.e. an initial rapid phase which would be pH inde-
pendent followed by a slow pH-dependent phase [64]. It is note-
worthy that this model is also able to successfully describe a PCr
overshoot [42] which is a prerequisite for oscillatory PCr recovery
pattern to occur [28]. It is also remarkable to note that at the time
when oscillatory PCr recovery pattern did not have yet an experi-
mental evidence Nevill's model has been criticized as it would,
potentially, lead to an oscillatory behaviour [45]. Mitochondrial crea-
tine kinase is a non-equilibrium source of PCr, and mitochondrial
oscillations have been largely documented and discussed, particularly
by Miguel Aon and Sonya Cortassa [4,24–26].
2.3. Intracellular acidosis can affect the rate and pattern of PCr re-
synthesis
Simply considering the mass action law and given that PCr re-
synthesis is coupled to H+ production, it could reasonably be hy-
pothesized that intracellular acidosis should alter the kinetics of PCr
re-synthesis. Although the critical effect of pH uponmuscle energetics
has actually been well documented, its physiological bases are less
clear. Hypercapnic acidosis alters oxygen consumption and reducesthe rate constant of PCr recovery (kPCr) [65]. Acidic pH inhibits both
calcium release and calcium uptake [65]. Acidosis might alter the
structure of mitochondria and uncouple oxidative phosphorylation
[65–67]. Empirically, the negative correlation between pH and post-
exercise recovery of PCr has been largely reported in humans [68–70]
and animals [50,63] and for different muscles i.e. forearm ﬂexor
muscles [34,68], foot extensor muscles [36,70–72] and leg ﬂexor
muscles [73]. From a physiological point of view, low intracellular pH
can inhibit the rate limiting step of glycolysis, thereby limiting the
availability of pyruvate for mitochondrial oxidation. However, oxygen
consumption increased linearly with respect to work intensity while
lactic acidosis occurs thereby indicating that oxygen consumption
per se is not affected by low intracellular pH. Ion pumping reactions
are known to consume a substantial amount of energy (up to 40%
of the total ATP produced). This additional demand for non-
contractile processes could eventually limit the ATP available for PCr
re-synthesis. It has been reported that recovery rates of oxyhaemo-
globin, measured using near infrared spectroscopy, is not affected by
intracellular acidosis [74] further conﬁrming that additional demand
of ATP for non-contractile processes may account for the negative
effects of low pH on the PCr time-course during the transition
from exercise to rest as initially suggested [37]. From the analysis of
inter-individual differences regarding the relationship between PCr
recovery and pH, it has been suggested that kinetics of proton efﬂux
could explain these differences with subjects with faster proton
efﬂux showing a smaller pH-dependence of PCr recovery kinetics [75].
While these data further conﬁrm the initial suggestion of Roussel et al.
[37], they are based on the observation of a large inter-subject dif-
ference regarding the slope of the relationship between PCr recovery
kinetics and pH [75]. However, the corresponding conclusions have to
be taken with caution considering that the coefﬁcient of variation for
repeated measurements was 11% for the time constant of PCr changes
while for a similar exercise performed by a given subject end-of-
exercise pH ranged from 6.96 to 6.81.
3. Oscillations inmitochondrial energymetabolism: complementary
models from the “inside” and “outside mitochondrion perspective”
Saleet Jafri and Kotulska [27] reported an interesting mathematical
model illustrating oscillations in mitochondrial energy metabolism and
providing predictions regarding the inﬂuence of pH on metabolic
oscillations. The model consists of dynamic equations describing mito-
chondrial components that regulate the mitochondrial membrane
potential (Ψ). The model is conceived from the “inside mitochondrion
perspective”, taking into account mitochondrial parameters linked to
the respiratory chain metabolism such as the inner membrane mito-
chondrial potential (Ψ) and the mitochondrial matrix inorganic
phosphate concentration ([Pi]m). It also includes and then lists these
variables: (a) descriptions of the current that restores Ψ consisting
primarily of the respiration-driven proton pumps, (b) the current
generated by the F1F0-ATPase, the phosphate carrier ﬂux, (c) the low-
conductance inner membrane anion channel current, (d) the mito-
chondrial centum-picosiemen channel current, (e) buffering of [Pi]m by
the mitochondrial matrix magnesium ([Mg2+]m) and mitochondrial
matrix calcium, and (f) buffering of ([Mg2+]m) bymitochondrialmatrix
ATP and ADP.
The model is tested under a series of different experimental condi-
tionsmimicking different extramitochondrial situations. Among these
the inﬂuence of changes in the extramitochondrial pH is evaluated.
In particular the model predicts: (a) that decreasing the extramito-
chondrial pH from 7.2 to 7.0 and to 6.8, the oscillation frequency of the
mitochondrial membrane potential deceases from ∼0.02 to 0.007 Hz
and (b) that further decreasing the pH to 6.5 would terminate the
oscillations (Fig. 2).
These results perfectly match those published by Iotti et al.[28],
in which a model based on a second-order differential equation was
Fig. 2. Simulated metabolic oscillations show dependence of mitochondrial membrane
potential (Ψ) on pH (pH=7.2; dashed line), (pH=7.0; dotted line), (pH=6.8; solid
line). A further drop in pH (pH=6.5 dot-dashed line) abolishes the oscillations.
Reprinted from [27] with permission from Elsevier.
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different from the typical mono-exponential pattern sporadically
observed by several authors [31,36,38,40,42] in skeletal muscle by
31P-MRS after muscular exercise. The proposed model, which is a
direct extension of the linear model implicit in the mono-exponential
description of PCr recovery, predicts the possibility of different
patterns of PCr recovery: and among them the oscillatory damped
pattern.
PCr re-synthesis directly reﬂects the mitochondrial ATP produc-
tion, as outlined in the previous paragraphs, and the precise knowl-
edge of the pattern of PCr post-exercise recovery provides deeper
insights into the control mechanisms of mitochondrial energy meta-
bolism. The model published by Iotti et al. was tested on a sample of
PCr post-exercise recovery data from 50 subjects, checking whether
the different recovery patterns predicted by the model lead to a
signiﬁcant ﬁtting procedure improvement of the PCr post-exercise
recovery kinetics compared with the mono-exponential pattern.
Results showed that cytosolic pH inﬂuences the pattern of PCr
recovery from exercise and that the oscillatory patterns predicted by
the model do occur, showing oscillatory frequencies ranging between
0.002 Hz and 0.025 Hz (Fig. 3). These values are very close to those
reported by Saleet Jafri and Kotulska [27] (Fig. 2). Moreover, Iotti et al.
[28] found a coherent pattern of frequency oscillations, with the
highest frequencies occurring at cytosolic pHN7 and the lowest at
pH=6.8. Therefore, the frequencies found experimentally showed aFig. 3. A typical pattern of oscillatory PCr recovery after exercise assessed by 31P-MRS in
human calf muscle. Solid line: oscillatory ﬁtting; dashed lines: mono-exponential
ﬁtting. In the sample data of PCr post-exercise recovery from 50 subjects the oscillatory
frequencies ranged between 0.002 Hz and 0.025 Hz. Adapted from [28].strong correlation with cytosolic pH (Fig. 4), in a fashion that extrap-
olating at pH=6.5 the corresponding frequency oscillation is almost
zero, perfectly matching the outcome of Saleet Jafri and Kotulska's
model (Fig. 2). The change of the frequency oscillations with pH can
possibly be explained assuming that frequency oscillation increases
progressively as the feedback control become looser at increasing pH.
The two models provide a sort of complementary view from
opposite perspectives of the mechanisms inducing oscillations in the
mitochondrial energy metabolism. Saleet Jafri and Kotulska's model
[27] makes use of variables describing exclusively mitochondrial
quantities, hence representing an “insidemitochondrion perspective”,
while Iotti et al.'s model [28] contains only cytosolic variables and
embodies an “outside mitochondrion perspective”. Saleet Jafri and
Kotulska conclude in their article that the model accounts for the
oscillations in mitochondrial membrane potential, ATP production
and NADH levels observed experimentally. Similarly, Iotti et al.'s
model predicting the possibility of oscillations in the PCr re-synthesis
after muscular exercise, was validated experimentally, proving that
oscillations occur but only in a given range of pH. According to Saleet
Jafri and Kotulska a decrease of the inner mitochondrial membrane
potential seems to be a triggering factor for the oscillations and their
model simulates experimental observations that high level of mito-
chondrial ADP and ATP abolish the oscillations. This is conceptually
equivalent to the interpretation provided by Iotti et al. indicating
that oscillations can be regarded as an outcome of a loose feedback
occurring at high cytosolic pH when the cellular workload is low and
the system is not tightly regulated.
4. A kinetic model of the biochemical reaction of phosphocreatine
re-synthesis
Quantitative approaches can lead to signiﬁcant advances in the
understanding of the control of metabolic pathways under stationary
conditions [76,77]. In a biochemical reaction system the control exerted
by any metabolite on any steady state ﬂux (reaction rate) should be
quantiﬁed in order tohave informationon the essential parts of complex
reaction mechanisms. Phosphocreatine (PCr) is involved in the muscle
contraction and is re-synthesised from ATP during recovery. Several
biochemical processes control the re-synthesis such as oxidative
phosphorylation and several transport systems across mitochondrial
and plasmamembranes (Fig. 5). In several cases the time dependence of
PCr recovery is reasonably well described by a mono-exponential
function [32–37,78,79] but several authors [31,36,38,40,42] have
reported different patterns suggesting that the exercise intensity can
determine the kind of recovery pattern. A bi-exponential recovery
model has been shown to improve the ﬁt of PCr re-synthesis only in aFig. 4. Relationship between the oscillatory frequencies obtained for PCr recovery and
cytosolic pH values. The exponential ﬁtting (y=a0exp((x−a1)/a2)) gave r=0.877,
with a0=1.883; a1=6.807; and a2=0.806. Adapted from [28].
Fig. 5. A schematic diagram of mitochondrial creatine kinase (MCK) system. Substrate
and product ﬂuxes between MCK and the associated compartments (cytosol and
mitochondrial matrix) are depicted as arrows. ANT: nucleotide translocator, OMM:
outer mitochondrial membrane, MIS: mitochondrial inner space, IMM: inner mito-
chondrial membrane.
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previous paragraph, consists of a mathematical model showing that the
mono-exponential recovery is an approximation of a more complex
pattern, which is identiﬁed by a second-order differential equation.
This model predicts the possibility of three different patterns: bi-
exponential, oscillatory damped and critically damped, being themono-
exponential pattern only a particular case.
The main phenomena involved in PCr recovery are:
- Re-synthesis of PCr by mitochondrial creatine kinase (MCK)
- Reaction catalyzed by cytosolic creatine kinase: PCr+ADP+H+⇒
ATP+Cr
- Transport of Cr across the mitochondrial membrane
- Transport of H+ (across the mitochondrial membrane)
- Transport of ADP (across the mitochondrial membrane).
We present here a new mathematical model, based on the kinetic
analysis of the PCr re-synthesis reaction, (named kinetic model) that
complements the above mentioned model which was based on
the mathematical analysis of the possible different patterns of PCr
recovery (named recovery model). The main conceptual difference
between the two models is that the kinetic model uses a bottom-up
approach, while the recovery model uses a top-down approach.
Due to the complexity of the overall system involved in PCr recovery,
some approximations are needed for the development of simple
models. A ﬁrst realistic approximation is to consider the overall kinetics
of the re-synthesis attributable only to theproductionof the PCrbyMCK,
considering the other possible effects indirectly affecting this step.
We chose to use a non-equilibrium approach considering that
the CK equilibrium assumption is a particular case only valid for
cytoplasm of resting muscle and possibly for steady state exercises
when PCr concentration for a given workload is constant [36]. How-ever, during recovery the PCr concentration changes continuously till
reaching the resting level, i.e. being in the typical non-equilibrium
condition. Nevertheless, PCr recovery could not take place if the
system were at equilibrium as the creatine kinase reaction is almost
completely shifted toward ATP production as judged by the value of
the equilibrium constant KCK [81].
1) The simplest approach to the problem is to consider only the step
of the re-synthesis of PCr by MCK. In this case, the synthesis of PCr
can be driven only by its concentration in the cytosolic medium
(in particular by the decrease in concentration with respect to the
value at rest). Indicated as [PCr]0 the concentration of PCr at rest,
the rate of recovery can be considered as:
vres = d PCr½ = dt = k PCr½ 0− PCr½ 
 
= k PCr½ 0–k PCr½ :
This is a linear ﬁrst-order differential equation:
y′ + ky = C0
where k is a constant which expresses the sensitivity of the
enzymatic system to the PCr concentration (time constant) and
C0=k [PCr]0.
The solution of the differential equation is:
PCr½  = PCr½ 0−Ae−kt
where [PCr]0−A is the initial (t=0) value of PCr during recovery.
2) A bi-exponential recovery could indicate the presence of a con-
temporary and independent mechanism of recovery, each of them
described by a linear ﬁrst-order differential equation.
A plausible explanation of the bi-exponential recovery is the het-
erogeneity in ﬁbre type composition of themuscle [28]. In this case
the recovery process implies two different processes, each of them
characterized by a linear ﬁrst-order equation:
y′ + k1y = C1
z′ + k2z = C2
PCr½ 1 = PCr½ 0;1–A1e−k1t
PCr½ 2 = PCr½ 0;2–A2e−k2t :
In this way, the apparent [PCr] is given by a weighed contribution
of the two terms
PCr½ app = α PCr½ 1 + 1−αð Þ PCr½ 2 = α PCr½ 0;1–A1e−k1t
 
+ 1−αð Þ PCr½ 0;2–A2e−k2t
 
= C0 + C1e
−k1t + C2e
−k2t
:
3) Amore developed approach could consider the rate of re-synthesis
expressed as in 1):
vres = d PCr½ = dt = k PCr½ 0− PCr½ 
 
= k PCr½ 0–k PCr½ 
in which, however, k is not a simple time constant but a more
complex term which depends on the phenomena and/or activity
of species involved in the overall process and [PCr]0 is the concen-
tration of PCr at rest. Since protons are certainly involved in the
recovery mechanism (in particular, 1 mol of protons is released by
MCK per each mole of PCr produced) it is apparent that the proton
ﬂux from inside of the enzymatic complex to the cytoplasmic
medium is the most likely process which can affect the k value.
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activity is at the basis of cellular energy transduction [82–85] and
is an important factor in the mechanisms responsible for oscillating
kinetics [86–88]. Moreover, pH-dependent changes in the kinetic
parameters are well documented by studies [89,90] which also show
an explicit dependence of the initial velocity of the creatine phos-
phorylation on [H+].
Under physiological conditions, the protons produced inside the
MCK complex during the re-synthesis of phosphocreatine determine
a certain value of H+ activity inside the enzymatic system (aHins)
but these protons must be released into the cytoplasmic medium,
characterized by their own H+ activity (aHcyt). The difference in H+
activity between the inside of the MCK complex and the cytoplasmic
medium should affect the proton ﬂux since the overall reaction
mechanism imply the contemporary production of H+ and PCr in a
deﬁned stoichiometric ratio (Fig. 6).
We can consider the rate of the proton release (proton ﬂux) to be a
function of the Gibbs free energy difference (ΔGH+) between H+ in
the cytoplasmic medium and that inside the enzymatic complex [87]:
ΔGH+ = RT ln aHcyt = aHins
 
In this case, a high ΔaH=aHins−aHcyt value should reasonably
favor the kinetics of PCr re-synthesis, although more complex control
processes, such as protonation equilibria, could be likely involved.
This approach allows k in the above equation to be expressed as a
function of the proton ﬂux (vH):
k = k vHð Þ
where vH is the rate of proton transfer to the cytoplasmic medium and
quantitatively describes the effect of proton ﬂux. vH is zero at rest and
can be inﬂuenced by factors inside the enzymatic complex and in theFig. 6. A diagram showing the schematic conditions for PCr recovery as a function of the
cytosol pH. MCK: mitochondrial creatine kinase, arrows indicate the product ﬂuxes for
the PCr recovering process (H+ and PCr) from MCK to cytosol through the outer
mitochondrial membrane. a) High pH: low cytosol aH+→high proton ﬂux→high rate
for PCr re-synthesis. b) low pH: high cytosol aH+→ low proton ﬂux→ low rate for PCr
re-synthesis.cytoplasmic and intramitochondrial medium. This approach implies
that the pH value of the cytoplasmic medium plays (directly or
indirectly) a certain role in determining the kinetics of PCr recovery
and therefore the k value. Since H+ are produced inside the MCK,
namely in a medium different from an aqueous solution, their activity
inside MCK during the PCr recovery is reasonably higher than that at
rest. For this reason, when the pH of the cytoplasmic medium is low
(the aHcyt value is high) the release of H+ could be less favoured than
at neutral pH (the aHcyt value is low), where a larger difference in
proton activity occurs. In other terms, k could be higher for a neutral
rather than acidic cytoplasmic medium. This expectation is supported
by experimental results [36].
Using k=k(vH) the kinetic equation can be written as follows:
d PCr½ = dt = k vHð Þ PCr½ 0– PCr½ 
 
= k vHð Þ PCr½ 0−k vHð Þ PCr½ :
The time derivative is:
d2 PCr½ = dt2 = PCr½ 0dk vHð Þ= dt−dk vHð Þ= dt PCr½ −k vHð Þd PCr½ = dt
which can be rewritten as:
d2 PCr½  = dt2 + k vHð Þd PCr½ = dt + dk vHð Þ = dt PCr½ −dk vHð Þ = dt PCr½ 0 = 0: ð1Þ
If we consider k(vH) and dk(vH)/dt as approximately constant
(i.e. k(vH) could be constituted by a time-independentmajor term and
by aminor termwhich roughly changes linearly with time), the above
equation can be written as:
d2 PCr½ = dt2 + kd PCr½ = dt + α PCr½ –C0 = 0 ð2Þ
or
y″ + ky′ + αy = C0 ð3Þ
which is formally identical to that already proposed in Ref. [28].
The general solution of Eq. (2) is:
PCr½  = PCr½ 0 + Cint;1 exp −1 = 2 k− k2−4α
 1=2 
t
 	
+ Cint;2 exp −1 = 2 k + k
2−4α
 1=2 
t
 	
:
We note that the value of the term (k2−4α) determines the
different nature of the function which describes the dependence of
[PCr] on t. In fact, when k2−4αN0 the solution is a bi-exponential
function expressed by the equation:
PCr½  = PCr½ 0 + Cint;1 exp −k1tð Þ + Cint;2 exp −k2tð Þ
where k1=1/2[k−(k2−4α)1/2], k2=1/2(k+(k2−4α)1/2) and Cint,1
and Cint,2 are two suitable integration constants. In this way the bi-
exponential function proposed by several authors [31,36,38,40,42] to
describe the PCr re-synthesis at a certain exercise intensity could be
explained independently of the composition of the muscle ﬁbers (see
above). This could be used to verify the validity of one model over the
other.
When k2−4α=0 the solution is a critically damped function
expressed by the equation:
PCr½  = PCr½ 0 + Cint;1 + Cint;2t
 
exp −ktð Þ
where Cint,1 and Cint,2 are two suitable integration constants.
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expressed by the equation:
PCr½  = PCr½ 0 + Cint;1 sin ωtð Þ + Cint;2 cos ωtð Þ
h i
exp −ktð Þ
where Cint,1 and Cint,2 are two suitable integration constants, ω is the
oscillatory frequency given by ω=1/2(4α−k2)1/2.
In the case α=0 and C0=0, a mono-exponential function is
obtained:
PCr½  = PCr½ 0 + Cint;1 exp −ktð Þ
where Cint,1 is a suitable integration constant.
In acidic conditions, the difference in proton activity between
the cytoplasmic medium and the inside of the enzymatic complex is
reasonably low. In particular, vH could be considered to be nearly
constant with time since the decrease of the proton activity is likely
comparable during the reaction in both the compartments. In other
words, vH and therefore also k(vH) (nearly) being constant, dk(vH)/dt
will be zero. In this case, the above equation is simpliﬁed in:
d2 PCr½ = dt2 + kd PCr½ = dt = 0
which is the derivative of the equation obtained in point 1) and
describes a simply mono-exponential recovery.
Opposite to above, at neutral pH a large difference in proton
activity between the cytoplasmic medium and the inside of the
enzymatic complex occurs. Also in this case k(vH) could be considered
to be constituted by a time-independent major term and by a minor
termwhich changeswith time (see above). vH results a function of the
time since the proton activity in the cytoplasmic medium remains
constant up to the rest time, whereas that inside the enzymatic
complex changes. As a consequence dk(vH)/dt≠0. If we assume that
dk(vH)/dt is constant (a reasonable approximation), then the general
solution of the Eq. (2) becomes:
PCr½  = PCr½ 0 + Cint;1 exp −1= 2 k vHð Þ− k vHð Þ2−4dk vHð Þ=dt
 1 =2 
t
 	
+ Cint;2 exp −1 = 2 k vHð Þ + k vHð Þ2−4dk vHð Þ=dt
 1=2 
t
 	
where Cint,1 and Cint,2 are two suitable integration constants.
In this case, when k(vH)2−4dk(vH)/dtb0, i.e. 4dk(vH)/dtNk(vH)2,
the solution is an oscillating function.
This result has been already observed during PCr recovery char-
acterized by high pH values, i.e. recovery associated to low-intensity
exercises [28].
In spite of the approach simplicity, the above model accounts for
the increase of the PCr recovery rate and the changes in the function
describing PCr re-synthesis at increasing pH.
A model for PCr recovery described by a differential equation
formally equal to Eq. (2) was developed previously based on a simple
analog electrical circuit [39,42,91]:
Ld2q = dt2 + Rdq= dt + 1= Cð Þq = E
where the components of the electrical circuit have a physiological
meaning: E (electric potential) is the energy source given by the free
energy potential available in the mitochondria, C (capacitance) is
linked to PCr due to the creatine kinase reaction, R (resistance)
depends on number and properties of the mitochondria in the cell
and i=dq/dt (current) is the rate of the oxidative phosphorylation.
L represents the deceleration effect in the oxidative phosphorylation
related to the physiological changes due to heavy exercises (such as
changes in enzyme activity due to H+ accumulation). In spite of theformal similarity, the physical bases of the two models are rather
different.5. Conclusions
Oscillations in energy metabolism have been mostly investigated
in connection to metabolic stress conditions such as ischemia or
substrate deprivation in different cellular models. On that basis, the
concept of “mitochondrial criticality” has been introduced to describe
the state of instability of the mitochondrial network which, at the
point of criticality, splits to oscillatory behaviour. However, the phe-
nomenon of oscillations in energy metabolism has been also encoun-
tered in physiological condition studying in vivo the human skeletal
muscle after low-intensity exercises. Results of this study show that
oscillations occur when the energy metabolism is marginally stressed.
Dynamic control can be manifested as oscillations which are func-
tional as they increase thermodynamic efﬁciency, but on the other
hand oscillations may lead to unproductive or destructive outcomes
when the system is stressed.
These two alternative characteristics may explain the ambivalent
nature of oscillations which can appear both in mildly and in heavily
perturbed systems. However, these two aspects are only apparently
paradoxical as oscillatory outputs are indeed the reaction of energy
metabolism to conditions for which the system is either losing control
or is losing the requirement for a tight control. In the former case
the system oscillates until thermodynamic equilibrium is attained,
i.e. death for a living system, in the latter the system oscillates till
reaching a new steady state, i.e. a typical condition of the living
systems that allowswork to be done by chemical reactions at maximal
efﬁciency or, in other words, to increase entropy at the minimal rate
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